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Abstract: We study a special two-dimensional dilaton gravity with Lagrangian L =
1
2
√−g(φR +W (φ)) where W (φ) = sech2φ. This theory describes two-dimensional space-
times that are asymptotically flat. Very interestingly, it has an exact solution for the
metric, ds2 = −(tanhx)dt2 + 1/(tanhx)dx2, which presents an event horizon but no singu-
larity. Because of the kink profile for the metric components appearing in this solution, we
refer to it as gravitational domain wall with the wall simply being the event horizon and
separating two asymptotically Minkowskian spacetimes. The global causal structure for
such an object is studied via coordinate extension and the thermodynamical quantities are
computed. While the gravitational domain wall has non-zero temperature 1/4pi, its energy
and entropy are vanishing.
ar
X
iv
:2
00
6.
07
96
2v
1 
 [h
ep
-th
]  
14
 Ju
n 2
02
0
Contents
1 Introduction 2
2 Gravitational domain wall in two-dimensional dilaton gravity 3
2.1 Equations of motion and solutions 3
2.2 Coordinate extension 5
3 Thermodynamical properties of the gravitational domain wall 7
4 Coupling to matter 9
5 Conclusions and discussions 9
1 Introduction
Two-dimensional (2D) gravity theories are interesting because they allow one to isolate
some important features of the higher-dimensional gravity while being very simple. They
are therefore viewed as a theoretical laboratory for quantum gravity. In recent years, mo-
tivated by the Sachdev-Ye-Kitaev (SYK) model [1–3] (see also Ref. [4]), JackiwTeitelboim
(JT) gravity [5–7] has received a resurgence of interest, see e.g. Refs. [8–13]. JT gravity
belongs to the family of two-dimensional dilaton gravities which can be parameterized by
the following general action1
S = 1
2
∫ d2x√−g [φR −U(φ)gαβ(∂αφ)∂βφ +W (φ)] , (1.1)
where gαβ is the 2D spacetime metric. JT gravity corresponds to U(φ) = 0, W (φ) = 2Λφ.
In this case, φ is an auxiliary field and can be eliminated by its algebraic equation of
motion, giving R = −2Λ. Depending on the sign of Λ, JT gravity thus describes a 2D de
Sitter (dS) or anti-de Sitter (AdS) space. For convenience, one usually takes ∣Λ∣ = 1 so
that Λ = ±1. Equation (1.1) also contains other interesting models as its special cases.
For instance, the Callan-Giddings-Harvery-Strominger (CGHS) model [16] corresponds to
U(φ) = − 1φ , W (φ) = −4λ2φ and the spherically reduced gravity [17–20] is given by
U(φ) = − (D − 3)(D − 2)φ, (1.2a)
W (φ) = −λ2(D − 2)(D − 3)φ (D−4)(D−2) , (1.2b)
1In general, the φ in the first term in the square brackets can be a general function Z(φ). But for
physical reasons, Z′(φ) is non-zero everywhere and we can introduce a new field to put the action into the
form of Eq. (1.1). Moreover, here we only consider torsionless gravity. For reviews of dilaton gravity, see
Refs. [14, 15].
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where D > 2 is an integer representing the dimension of the spacetime before the spherical
reduction. In both cases λ is a parameter of dimension one in mass.
Actually, with a Weyl transformation, the factor U(φ) in Eq. (1.1) can always be set
to zero and hence 2D dilaton gravity can be generally described by [21]
S = 1
2
∫ d2x√−g [φR +W (φ)] . (1.3)
Varying the action with respect to φ, one has
R = −dW (φ)
dφ
. (1.4)
In this paper, we consider a special model with
W (φ) = sech2φ. (1.5)
As we shall see shortly, this theory describes asymptotically flat spacetimes. We will show
that it permits a very interesting solution in which there is an event horizon but no sin-
gularity. The structure is similar to the domain wall of a scalar field theory. Therefore we
refer to this new gravitational object as gravitational domain wall with the “wall” repre-
senting the event horizon. We will study the causal structure and the thermodynamical
properties for this novel gravitational object.
The remaining of this article is as follows. In the next section we study the 2D dilaton
gravity with W (φ) = sech2φ and show that it has an exact solution in which the zero-zero
metric component takes a kink profile when using the Schwarzschild-like Ansatz. We then
study the global causal structure for the obtained solution via coordinate extension. In
Sec. 3, the thermodynamical properties for the gravitational domain wall are investigated.
The motion of a massive scalar field in the background of the gravitational domain wall is
briefly discussed in Sec. 4. We conclude in Sec. 5.
2 Gravitational domain wall in two-dimensional dilaton gravity
2.1 Equations of motion and solutions
A general classical solution in the theory given by Eq. (1.3) can be put in the form [22, 23]
ds2 = −A(x)dt2 + 1
A(x)dx2. (2.1)
Note that whether or not one shall interpret t as time and x as space depends on the sign
of A(x). If A(x) > 0 then Eq. (2.1) describes a static spacetime region while if A(x) < 0
it describes a time-dependent spatially homogeneous region. Following Ref. [23], one can
obtain one of the dynamic equations by first considering the metric
ds2 = −A(x)dt2 + 1
G(x)dx2, (2.2)
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and then substituting G(x) = A(x) into the equation of motion for G(x). From Eq. (2.2),
one has the Ricci scalar
R = −A′G′
2A
− GA′′
A
+ GA′2
2A2
, (2.3)
where a prime denotes the derivative with respect to x. Substituting Eq. (2.3) into the
action (1.3), one obtains
S = 1
2
∫ dtdx⎛⎝−φ ddx ⎛⎝
√
G
A
dA
dx
⎞⎠ +
√
A
G
W (φ)⎞⎠ , (2.4)
from which the algebraic equation of motion for G(x) reads
φ′A′√
AG
− √A
G3/2W (φ) = 0. (2.5)
Now substituting G = A into the above equation, one finally arrives at
φ′A′ −W (φ) = 0. (2.6)
To obtain the other equation of motion, we let G = A in the action (2.4) and get
S = 1
2
∫ dtdx (−φA′′ +W (φ)) . (2.7)
Varying the action with respect to A, we have
φ′′ = 0. (2.8)
From Eq. (2.8), one has φ = ax + b where a, b are constants. If a = 0, then from
Eq. (2.6) we have W (φ) = 0. For the model we consider (cf. Eq. (1.5)), W (φ) vanishes
only at infinity, φ = ±∞. And in this case, R = −dW (φ)/dφ∣φ=±∞ ≡ 0. Therefore, this
solution describes the trivial Minkowski spacetime, A(x) = 1.
If a ≠ 0, one can always let
φ = x (2.9)
after a transformation (t, x,A) → (t/a˜, a˜x + b˜, a˜2A) (a˜ ≠ 0) which leaves the metric (2.1)
invariant. In this case, Eq. (2.6) reduces to
dA(x)
dx
= sech2x, (2.10)
from which one obtains A(x) = (tanhx) + c with c being a constant. Since R = W ′(x) =−2(sech2x) tanhx which vanishes at ∣x∣ → ∞, we require that the metric converges to the
flat one (∣A(x)∣ → 1) for ∣x∣ → ∞. With this requirement, we obtain another, nontrivial
solution A(x) = tanhx and the metric becomes
ds2 = −(tanhx)dt2 + 1
tanhx
dx2. (2.11)
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The metric (2.11) has a coordinate singularity at x = 0 which represents an event
horizon. The region x > 0 corresponds to the static region outside of the horizon while
x < 0 is the region inside of the horizon which is, however, time-dependent. Note that one
shall interpret x as the time for x < 0. The metric has no essential singularity so that it
describes a novel gravitational structure where there is an event horizon but no geometrical
singularity. Because of the kink solution, tanhx in Eq. (2.11), we refer to this object as
gravitational domain wall—the wall is simply the event horizon. The null geodesics for
x > 0 are given by
t = log sinhx + c, for outgoing light beams, (2.12a)
t = − log sinhx + c, for ingoing light beams, (2.12b)
where c is a constant. For x < 0, the null geodesic equations are similar, only with x
replaced by −x. In this case, one must remember that the roles of t and x are exchanged.
The null geodesics for x > 0 are plotted in Fig. 1.
x
t
Figure 1. The null geodesics outside of the gravitational domain wall.
2.2 Coordinate extension
To see that the wall is indeed an event horizon, we now do the coordinate extension starting
from x > 0. We first introduce the tortoise coordinate for our spacetime
x∗ = log(sinhx) (2.13)
so that the metric can be written as
ds2 = −(tanhx) (dt2 − dx2∗) . (2.14)
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Note that x∗ ∈ (−∞,∞). Further, we introduce the retarded and advanced coordinates{u, v} as
u = t − x∗, v = t + x∗, −∞ < u, v <∞. (2.15)
Based on them we introduce
U = −e−u/2, V = ev/2. (2.16)
For now, U ∈ (−∞,0), V ∈ (0,∞). In terms of the coordinates {U,V }, the metric can be
written as
ds2 = − 4
coshx
dV dU. (2.17)
Now we can extend the range for U,V to R. One can also write the above metric in a form
ds2 = 4
coshx
(−dT 2 + dX2) (2.18)
using the coordinates T = 12(V +U), X = 12(V −U). From the coordinate transformations,
one has the relation
X2 − T 2 = sinhx. (2.19)
U V
x 
= 
0,
 t 
= 
∞  
 
x = 0, t = -∞
    
x=const<0
 x=const>0 I
U
 =
 0
   
   
V
 = 0      
II
III
IV
X
T
Figure 2. The spacetime extended from the x > 0 region in Eq. (2.11). The hyperbolic curves are
given by constant x with x > 0 outside of the horizon and x < 0 inside of the horizon. We identify
regions I and II as, respectively, the regions x > 0 and x < 0 in our original spacetime (2.11).
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We show the extended spacetime in Fig. 2. Region I corresponds to x > 0 where the
extension starts while region II represents x < 0 in our original spacetime. Since in the
coordinate system {T,X} the null geodesics are always at ±45o to the vertical, it is clear
that no signal can escape from region II to region I. Hence, x = 0 is indeed an event horizon.
The spacetime (2.11) thus can be viewed as a black hole without singularity.2 In scalar
field theory, a domain wall can be viewed as an infinitely large bubble. One may therefore
think of the gravitational domain wall as an infinitely large black hole. From Eq. (2.18),
we also see that there is no singularity in the fully extended spacetime. Our spacetime is
certainly different from Rindler spacetime because the Ricci scalar is not trivially vanishing
everywhere. In Fig. 3, we plot the Ricci scalar as a function of x. The Ricci scalar vanishes
at ∣x∣ = ±∞ and the horizon.
-4 -2 0 2 4
-0.5
0.0
0.5
x
R
Figure 3. The Ricci scalar for the gravitational domain wall as a function of x. Note that only for
x > 0, x can be interpreted as the space coordinate.
3 Thermodynamical properties of the gravitational domain wall
In this section, we will study the thermodynamical properties of the gravitational domain
wall through the Euclidean method [23–25]. The Euclidean action is3
Ib = −1
2
∫ d2x√g [φR +W (φ)] , (3.1)
where xµ = {τ, x} and all the quantities are Euclidean. The equations of motion remain to
be the same as those in Minkowski space (Eqs. (2.6) and (2.8)). The only difference is that
2It seems that one can instead identify the region x < 0 as the “white hole” region (region IV in Fig. 2)
in the extended spacetime. We choose the other identification as it may shed new insights on black holes
and Hawking radiation.
3When going from the Minkowskian formulation to the Euclidean formulation, one usually takes the
Wick rotation t → −iτ together with a redefinition for the action I = −iS. This is however not convenient
for gravity actions. An easier way is to take t → τ but keep track of the metric tensor. For our metric
signature in Minkowski space, we simply have ds2 = gµνdxµdxν = gˆµνdxˆµdxˆν where a hat indicates that the
quantities are Euclidean. Then we can simply take I = −iS(gµν → gˆµν) and obtain Eq. (3.1) after removing
all the hats.
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in Euclidean space we now have x ≥ 0. (This can be seen if we perform a Wick rotation on
the coordinate T with T → −iT and we find from Eq. (2.19) that x ≥ 0.) From now on we
relabel x as r. Thus we have φ = r, A(r) = tanh r. Near the horizon,
A(r) = r +O(r2). (3.2)
Defining y = √r, we have the metric
ds2 = 4(dy2 + y2
4
dτ2). (3.3)
Only if τ has period β = 4pi, the conical singularity at y = 0 disappears. Therefore, we find
T = 1
β
= 1
4pi
. (3.4)
The locally measured temperature is Tloc = 1/(4pi√tanhx).
To derive the energy and the entropy, we use Z = exp(−βF ) where Z is the Euclidean
partition function and F ≡ E −TS is the free energy (here E and S denote the energy and
the entropy, respectively). Using the semiclassical approximation for the partition function,
Z ≈ exp(−I) where I is the total action for the classical background, one therefore arrives
at
I = βE − S. (3.5)
In the action I, the bulk action Ib should be supplemented by the Gibbons-Hawking-York
boundary term [24, 26] which reads4
IGHY = −∫
r=r∞ dτ
√
hφ(K +C) (3.6)
where h = A(r∞) = 1 is the induced metric at the boundary and K is the extrinsic curvature
of the boundary. Here C is a term which depends only on the induced metric h on the
boundary but is independent of the metric g. In the case of asymptotically flat metrics, it
is natural to choose C so that the total action for the flat-space metric η vanishes. Then
IGHY = −∫
r=r∞ dτ
√
hφ[K], (3.7)
where [K] is the difference of the extrinsic curvature of the boundary in the metric g and
the metric η. For the flat-space metric, K = 1/r∞ while for the gravitational domain wall,
K = A′(r∞)/(2√A(r∞)). We thus obtain IGHY = β. Substituting the solution A(r) into
the bulk action one obtains
Ib = −β
2
∫ r∞
0
dr (−rA′′ + sech2r) = −β. (3.8)
Substituting the obtained I = IGHY+Ib into Eq. (3.5) and comparing both sides, one obtains
E = 0, S = 0. (3.9)
It is interesting to note that although the gravitational domain wall has non-zero temper-
ature, its entropy is vanishing.
4For the asymptotically AdS spaces, C = −1.
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4 Coupling to matter
In this section, we briefly discuss the coupling of the dilaton gravity to matter fields. For
simplicity, we will consider a massive free scalar field Φ minimally coupled with gravity.
The additional matter action is
Sm = ∫ d2x√−g [−1
2
gµν(∂µΦ)∂νΦ −m2Φ2] . (4.1)
The equation of motion for the scalar field reads
1√−g∂µ(√−ggµν∂νΦ) −m2Φ = 0. (4.2)
Substituting our metric into the above equation, we obtain (x > 0)
− 1
tanhx
∂2Φ
∂t2
+ ∂
∂x
((tanhx)∂Φ
∂x
) −m2Φ = 0. (4.3)
Using the tortoise coordinate, one arrives at
(− ∂2
∂t2
+ ∂2
∂x2∗ − Veff(x∗))Φ = 0, (4.4)
where the effective potential
Veff(x∗) =m2 tanh(arcsinh(ex∗)). (4.5)
In terms of the coordinate x, Veff(x) = m2 tanhx. We show the effective potential as a
function of both x∗ and x in Fig. 4. For a mode of frequency ω, Φ(t, x∗) = Φ(x∗)e−iωt, we
have
(− ∂2
∂x2∗ +m2 tanh(arcsinh(ex∗)))Φ(x∗) = ω2Φ(x∗). (4.6)
This equation can be used to study quasi-normal modes in the background of the gravi-
tational domain wall and the gray body factor for scalar fields. Similar derivation can be
carried out for fields with spin s = 1/2, 1, 2. We leave the detailed study of the perturbation
(in)stability for future work.
5 Conclusions and discussions
In this paper, we study a new 2D dilaton gravity whose action is given by Eq. (1.3) with
W (φ) = sech2φ. This theory contains the 2D Minkowski space as its trivial solution. We
report, for the first time, the discovery of a new pure gravitational structure in which there
is an event horizon but no singularity. It is observed as a nontrivial solution in the theory
we consider which reads
ds2 = −(tanhx)dt2 + 1
tanhx
dx2. (5.1)
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Figure 4. The effective potential for a scalar particle with mass m in the background of the
gravitational domain wall. Upper panel: Veff/m2 as a function of x∗. Lower panel: Veff/m2 as a
function of x.
This metric has a coordinate singularity at x = 0 which can be identified as an event horizon
but contains no essential singularity. In the region x > 0, the spacetime is static while for
x < 0 it is time-dependent but spatially homogeneous. Because of the kink profile in the
metric, one may therefore refer to such an object as gravitational domain wall with the
wall staying at x = 0. We have studied the causal structure of the gravitational domain
wall via coordinate extension and it is confirmed that no signal can escape from the left
side of the wall to the right side. Therefore the left side of the wall can be viewed as
the interior of a black hole and the right side as the exterior. We have also computed
the thermodynamical quantities for the gravitational domain wall and found that while
the temperature is nonvanishing the entropy is zero. The vanishing entropy points to the
similarity of the gravitational domain wall to normal gravitational objects without event
horizons, like stars. This fact may or may not indicate that it is actually the geometrical
singularity that is responsible for black hole entropy. It remains to be investigated whether
or not this novel gravitational structure can shed some insights on Hawking radiation and
the information paradox. Further, the absence of singularity may make it possible to study
the quantum theory of our model directly in the Minkowskian formulation. Finally, the
motion of a massive scalar field in the background of the gravitational domain is briefly
– 10 –
discussed. It would be very interesting to work out the spectrum of the quasi-normal
modes.
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